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1. Notation
Throughout, R is an associative ring with unity. For a right module M over R, the annihilator of
x ∈ M in R is denoted by rR(x). For a ∈ R, r(a) and l(a) denote the right and the left annihilator of a in
R, respectively. The set ofm × nmatrices over R is denoted byMm×n(R). In particular,Mn(R) denotes
the n × n matrix ring over R whose identity element we write as In. A complete set of n × n matrix
units is denoted by {Eij : 1 i, j n}. We write Tn(R) for the ring of upper triangular n × n matrices
overR, andU(R) for the set of units ofR. A ringR is called (vonNeumann) regular if, for each a ∈ R, there
exists a′ ∈ R such that a = aa′a. It is well-known that the matrix rings over a regular ring are regular.
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2. A characterization of regular rings
We start with a series of lemmas.
Lemma 1. Let MR be a module. If a = aa′a with a, a′ ∈ R, then Ma ∩ M(1 − a′a) = 0.
Proof. This is by the fact thatMa = M(a′a). 
Lemma 2. Let R be a regular ring. If xiaj = 0 in R for i = 1, . . . , l and j = 1, . . . , k, then there exists
e2 = e ∈ R such that xie = 0 and eaj = aj for all i and j.
Proof. Since R is regular, there exists e2 = e ∈ R such that a1R + · · · + akR = eR. It follows that xie =
0 and eaj = aj for all i and j. 
For an n × m matrix A := (aij) and an m × l matrix B := (bij) over the same ring R, we say that
the pair of matrices (A, B) have simple 0-multiplication (a terminology used in [3]) if aikbkj = 0 for all
1 i n, 1 km and 1 j l. If a ∈ R is a vonNeumann regular element, then a′ denotes an element
of R such that a = aa′a. A family of left ideals {Ii} of a ring R is R-independent if∑ Ii = ⊕Ii is a direct
sum. The next lemma is a key one for proving our main result.
Lemma 3. Let R be a regular ring, and let n, m be natural numbers.
(1) If XA = 0 where X ∈ Mm×n(R) and A ∈ Tn(R), then there exists a unit U of Tn(R) such that the
pair (XU−1, UA) have simple 0-multiplication.
(2) If AX = 0 where X ∈ Mn×m(R) and A ∈ Tn(R), then there exists a unit U of Tn(R) such that the
pair (AU, U−1X) have simple 0-multiplication.
Proof. (1) We prove the claim by induction on n. The claim holds trivially for n = 1. Suppose that
n 2 and that XA = 0where X ∈ Mm×n(R) and A ∈ Tn(R). Let α =
(
α1
a1
)
be column n of Awhere α1
is a column vector of n − 1 entries. Let U1 =
(
In−1 −α1a′1
0 1
)
. Then U1 is a unit ofTn(R) and U1α =(
α1(1 − a′1a1)
a1
)
. By Lemma 1, Ra1 and the left ideal of R generated by the entries of α1(1 − a′1a1)
are R-independent. Write α1(1 − a′1a1) =
(
α2
a2
)
where α2 is a column vector of n − 2 entries, and
let U2 =
⎛
⎝In−2 −α2a′2 00 1 0
0 0 1
⎞
⎠. Then U2 is a unit of Tn(R) and U2(U1α) =
⎛
⎝α2(1 − a′2a2)a2
a1
⎞
⎠ and, by
Lemma 1, Ra1, Ra2 and the left ideal of R generated by the entries of α2(1 − a′2a2) are R-independent.
A simple induction shows that there exist units U1, U2, . . . , Un−1 of Tn(R) such that Uα =
⎛
⎜⎜⎜⎝
an
...
a2
a1
⎞
⎟⎟⎟⎠,
where U = Un−1 · · ·U2U1, and Ra1, Ra2, . . . , Ran are R-independent. Then UA =
(
A1 β
0 a1
)
where
A1 ∈ Tn−1(R) and β =
⎛
⎜⎜⎝
an
...
a2
⎞
⎟⎟⎠. Write XU−1 = (X1 γ ), where X1 is an m × (n − 1) matrix and γ is
anm × 1 matrix. From XA = 0, it follows that
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0 = (XU−1)(UA) = (X1 γ )
(
A1 β
0 a1
)
= (X1A1 X1β + γ a1) .
Because Ra1, Ra2, . . . , Ran are R-independent, one obtains
X1A1 = 0, X1β = 0, γ a1 = 0.
By induction hypothesis, there exists V1 ∈ U(Tn−1(R)) such that the pair (X1V−11 , V1A1) have simple
0-multiplication. Now let V =
(
V1 0
0 1
)
U. Then V is a unit ofTn(R), and
XV−1 =
(
X1V
−1
1 γ
)
, VA =
(
V1A1 V1β
0 a1
)
.
FromX1β = 0, it follows that (X1V−11 )(V1β) = 0.BecauseRa2, . . . , Ran areR-independent, oneobtains
that the pair (X1V
−1
1 , V1β) have simple 0-multiplication. This, together with the facts that the pair
(X1V
−1
1 , V1A1) have simple 0-multiplication and γ a1 = 0, shows that the pair (XV−1, VA) have simple
0-multiplication.
(2) Similar to the proof of (1): consider rows of A instead of columns. 
We have the following characterization of regular rings.
Theorem 4. Let n 2 and m 1. The following are equivalent for a ring R:
(1) R is regular.
(2) If XA = 0 where X ∈ Mm×n(R) and A ∈ Tn(R), then there exists a unit U of Tn(R) such that the
pair (XU−1, UA) have simple 0-multiplication.
(3) If AX = 0 where X ∈ Mn×m(R) and A ∈ Tn(R), then there exists a unit U of Tn(R) such that the
pair (AU, U−1X) have simple 0-multiplication.
Proof. (1) ⇒ (2). This is by Lemma 3.
(2) ⇒ (1). For a ∈ R, let X =
(
X1 0
0 0
)
∈ Mm×n(R) and A =
(
A1 0
0 0
)
∈ Tn(R), where X1 =
(
a 1
)
and A1 =
(
0 −1
0 a
)
. Then XA = 0. By (2), there exists a unit U of Tn(R) such that the pair
(XU−1, UA) have simple 0-multiplication. Let U1 =
(
u x
0 v
)
be the upper left 2 × 2 submatrix of
U. Thus, the upper left 2 × 2 submatrix of U−1 is
(
u−1 −u−1xv−1
0 v−1
)
. Hence, the upper left 1 × 2
submatrix of XU−1, and the upper left 2 × 2 submatrix of UA are
(
au−1 −au−1xv−1 + v−1
)
and(
0 −u + xa
0 va
)
, respectively. It follows that (au−1)(−u + xa) = 0, i.e., a = a(u−1x)a.
(1) ⇔ (3). Similar to the proof of the equivalence “(1) ⇔ (2)”. 
3. Applications
A rightmoduleM over a ring R is called feebly Baer if, whenever xa = 0with x ∈ M and a ∈ R, there
exists e2 = e ∈ R such that xe = 0 and ea = a. The ring R is called feebly Baer if RR is a feebly Baer
module. Examples of feebly Baer rings include domains and regular rings. These notions aremotivated
by the commutative analog discussed in a recent paper by Knox et al. [2]. We refer to [2] and Al-Ezeh
[1] for the detailed discussion of commutative feebly Baer rings.
As an application of Theorem 4, an intimate connection between feebly Baer modules (and rings)
and regular rings is established.
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Theorem 5. Let n 2. The following are equivalent for a ring R:
(1) R is a regular ring.
(2) Tn(R) is a feebly Baer ring.
(3) Mn(R) is a feebly Baer right module over Tn(R).
(4) Mm×n(R) is a feebly Baer right module over Tn(R) for all m 1.
(5) Mn(R) is a feebly Baer left module over Tn(R).
(6) Mn×m(R) is a feebly Baer left module over Tn(R) for all m 1.
Proof. (1) ⇒ (4). Suppose that R is regular. Let XA = 0 where X ∈ Mm×n(R) and A ∈ Tn(R). By
Lemma 3, there exists a unit U of Tn(R) such that the pair (XU
−1, UA) have simple 0-multiplication.
Write XU−1 = (xij) and UA = (aij). Thus, by Lemma 2, for each 1 k n, there exists e2k = ek ∈ R
such that xikek = 0 and ekakj = akj for all i = 1, . . . , m and j = 1, . . . , n. Let E = e1E11 + e2E22 +
· · · + enEnn. Then E2 = E ∈ Tn(R), (XU−1)E = 0 and E(UA) = UA. Thus, U−1EU is an idempotent of
Tn(R) such that X(U
−1EU) = 0 and (U−1EU)A = A.
(4) ⇒ (3) ⇒ (2) and (6) ⇒ (5) ⇒ (2). These are clear.
(2) ⇒ (1). Let a ∈ R, A = aE11 − E1n and B = E1n + aEnn. Then AB = 0 in Tn(R). By hypothesis,
there exists an idempotent E = ∑i j eijEij in Tn(R) such that A = AE and EB = 0. It follows that
a = ae11 and e11 + e1na = 0. Hence a = ae11 = a(−e1n)a ∈ aRa.
(1) ⇒ (6). Assume that AX = 0 where A ∈ Tn(R) and X ∈ Mn×m(R). So
(
A 0
0 0
)(
0 X
0 0
)
= 0
in Tn+m(R). By the equivalence (1) ⇔ (2), we see that (1) implies that Tn+m(R) is feebly Baer.
Thus, there exists an idempotent
(
E ∗
0 ∗
)
ofTn+m(R)with E ∈ Tn(R) such that
(
A 0
0 0
)(
E ∗
0 ∗
)
=(
A 0
0 0
)
and
(
E ∗
0 ∗
)(
0 X
0 0
)
= 0. It follows that E2 = E, AE = A and EX = 0. So (6) holds. 
Wegive some new examples of feebly Baer rings using Theorem5. LetD be a ring and C be a subring
of D such that 1C = 1D. The set
R[D, C] = {(d1, . . . , dn, c, c, . . .) : di ∈ D, c ∈ C, n 1}
is a ring where addition and multiplication are deﬁned componentwise. It can be easily seen that if
D and C are feebly Baer rings, then so is R[D, C]. For a regular ring R, Mn(R) is feebly Baer (since it is
regular) andTn(R) is feebly Baer (by Theorem 5). Thus, the next corollary follows.
Corollary 6. If R is a regular ring, thenR [Mn(R),Tn(R)] is a feebly Baer ring for each n 1.
For a bimoduleM over a ring R, the trivial extension of R andM is R ∝ M = {(a, x) : a ∈ R, x ∈ M},
which is a ring with addition deﬁned componentwise and multiplication deﬁned by (a, x)(b, y) =
(ab, ay + xb). It is easy to verify that R ∝ R is never feebly Baer for any ring R. But feebly Baer rings do
occur as trivial extensions. For n 2 and 1 i n, writeT(i)n (R) =
{(
0 X
0 0
)
∈ Tn(R) : X ∈ Mi(R)
}
.
Corollary 7. Let R be a regular ring, n 2 and 1 i n. ThenTn(R) ∝ T(i)n (R) is a feebly Baer ring if and
only if 2i n.
Proof. Let S = Tn(R),M = T(i)n (R) and T = S ∝ M.
(⇒). Suppose that T is feebly Baer. For any m ∈ M, since (0, m)(0, m) = 0 in T , there exists an
idempotent (e, ∗) of T such that (0, m)(e, ∗) = 0 and (e, ∗)(0, m) = (0, m). Thus, e2 = e ∈ S,me = m
and em = 0. In particular, for m =
(
0 Ii
0 0
)
∈ M, there exists e2 = e =
⎛
⎜⎜⎝
e1 ∗
. . .
0 en
⎞
⎟⎟⎠ ∈ S such
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thatme = m and em = 0. Sinceme =
(
0 X1
0 0
)
withX1 =
⎛
⎜⎜⎝
en−i+1 ∗
. . .
0 en
⎞
⎟⎟⎠ and em =
(
0 X2
0 0
)
with X2 =
⎛
⎜⎜⎝
e1 ∗
. . .
0 ei
⎞
⎟⎟⎠, it must be that i < n − i + 1, i.e., 2i n.
(⇐). Suppose that 2i n (i.e., i n − i) and let AB = 0 where A, B ∈ T . Write
B =
((
B1 B3
0 B2
)
,
(
0 Y
0 0
))
, where B1 ∈ Ti(R), B2 ∈ Tn−i(R) and B3, Y ∈ Mi×(n−i)(R).
Let U =
((
Ii −B3B′2
0 In−i
)
,
(
0 −YB′2
0 0
))
. Then U ∈ U(T) and UB =
((
B1 B3(I − B′2B2)
0 B2
)
,(
0 Y(I − B′2B2)
0 0
))
. Write AU−1 =
((
A1 A3
0 A2
)
,
(
0 X
0 0
))
, where A1 ∈ Ti(R), A2 ∈ Tn−i(R), and
A3, X ∈ Mi×(n−i)(R). Then
0 = (AU−1)(UB) =
((
A1B1 A1B3(I − B′2B2) + A3B2
0 A2B2
)
,
(
0 A1Y(I − B′2B2) + XB2
0 0
))
.
It follows by Lemma 1 that
A1B1 = 0, A1B3(I − B′2B2) = A3B2 = A1Y(I − B′2B2) = XB2 = 0, A2B2 = 0.
By Theorem 5 (4 and 6), there exist F2 = F ∈ Ti(R) and G2 = G ∈ Tn−i(R) such that
A1F = A1, FB1 = FB3(I − B′2B2) = FY(I − B′2B2) = 0
GB2 = B2, A3G = A2G = XG = 0.
Let E =
((
I − F 0
0 G
)
,
(
0 0
0 0
))
. Then E2 = E ∈ T , (AU−1)E = 0 and E(UB) = UB. Thus, U−1EU is
an idempotent of T , AE = 0 and EB = B. 
There is a signiﬁcant difference between commutative and noncommutative feebly Baer rings.
Speciﬁcally, in [2] it is shown that a commutative feebly Baer ring must be reduced, i.e., has no non-
zero nilpotent elements. But, a noncommutative feebly Baer ring can have non-zero nilpotent ideals
as demonstrated by Theorem 5, Corollaries 6 and 7.
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